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MEAN CURVATURE FLOW WITH CONVEX GAUSS IMAGE 


Y. L. XIN 


Abstract. We study the mean curvature flow of complete space-like subman¬ 
ifolds in pseudo-Euclidean space with bounded Gauss image, as well as that of 
complete submanifolds in Euclidean space with convex Gauss image. By using 
the confinable property of the Gauss image under the mean curvature flow we 
prove the long time existence results in both cases. We also study the asymptotic 
behavior of these solutions when t > oo. 


1. Introduction 

There are many works on the mean curvature flow of hypersurfaces in Riemannian 
manifolds (see [15], [16], [11], [12] for example) . The impressive features of mean 
curvature flow for codimension one are as follows. 

1. If the initial hypersurface Mq C is uniformally convex, then the hyper¬ 

surfaces under the mean curvature contract smoothly to a single point in finite time 
and the shape of the hypersurfaces becomes sphirical at the end of the contraction. 
If the ambient manifold is a general Riemannian manifold, such a contraction is still 
working. 

2. If the initial hypersurface Mq C is an entire graph with linear growth, 

then there is long time existence for the mean curvature flow and the shape of the 
hypersurfaces becomes flat. 

We know that J. Moser [21] proved that an entire minimal graph in given by 
^m+i _ with bounded gradient |V/| < c < oo has to be hyperplane. 

This is closely related to the result of Ecker-Huisken [11], which reveals the second 
feature of the mean curvature flow of hypersurfaces mentioned above. On the other 
hand, Moser’s result [21] has been generalized to higher codimension in [14] [10], 
and in author’s joint work with J. dost [18]. Those are the underline motivation of 
the present work. 
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It is natural to study the mean curvature flow of higher codimension. In recent 
years some works have been done in [3], [4], [5], [24], [25], [26], [28] and [29] . In the 
present paper we show the second feature in higher codimension. The terminology 
of linear growth in [ 11 ] can be interpreted as the image under the Gauss map of the 
hypersurface lies in an open hemisphere. We investigate the mean curvature flow of 
submanifolds with convex Gauss image naturally. 

The target manifold of the Gauss map is the Grassmannian manifold in this 
situation. It is a symmetric space of compact type. It has non-negative sectional 
curvature. The mean curvature flow is closely related to its harmonic Gauss heat 
flow [29]. The knowledge of the harmonic map theory inspires us to investigate the 
dual situation firstly: mean curvature flow of a space-like m-submanifold in pseudo- 
Euclidean space with index n. Now, the target manifold of the Gauss map 

is a pseudo-Grassmannian manifold. It has non-positive sectional curvature. In the 
literature, rather few papers studied mean curvature flow in an ambient Lorentzian 
manifold. Among them Ecker-Huisken [13] studied the mean curvature flow of a 
compact space-like hypersurface in a Lorentzian manifold. 

Whereas, there is a plenty of works on the Bernstein problem for complete space¬ 
like submanifolds. E. Galabi raised the Bernstein problem for complete space-like 
extremal hypersurfaces in Minkowski space He proved that such hypersurfaces 

have to be hyperplanes when m < 4 [ 1 ]. Gheng-Yau solved the problem for all m, 
in sharp contrast to the situation of Euclidean space [ 8 ]. 

In [27] and [9], H. I. Ghoi and A. E. Triebergs constructed many complete space¬ 
like hypersurfaces with nonzero constant mean curvature by prescribing boundary 
data at infinity for the Gauss map. 

On the other hand, we proved [31] [32] that for any complete space-like hypersur¬ 
face M with constant mean curvature in Minkowski space if the image under 

the Gauss map 7 : M —1) is bounded, then M has to be an m—plane. 

Gheng-Yau’s result was generalized to the higher codimension in [17] [19]. We 
proved in [19] a higher codimensional generalization of the above mentioned result 
in [31]. 

In this paper we investigate the mean curvature deformation of a complete sub¬ 
manifold both in ambient pseudo-Euclidean space and Euclidean space. The paper 
is divided by two part for two cases. The contents are organized as in the following 
table. 
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We will prove the following main theorems in this paper. 

Theorem 1.1. Let F : M ^ be a space-like complete m—submanifold which 

has bounded curvature and bounded Gauss image. Then the evolution equation of 
mean curvature flow has long time smooth solution. 

Remark 1.1. This theorem was announced in Geometric Analysis Meetings in 
Ghangsha (June) and San Diego (July) in this summer. 

Remark 1.2. Our result in [31] has been refined by Xin-Ye [34], independently by 
Gao-Shen-Zhu [ 2 ], as follows. 

Let M be a complete space-like hypersurface of constant mean curvature in Minkowski 
space If the image of the Gauss map 7 : M —1) lies in a horoball in 

1), then M has to be a hyperplane. 

This is the best possible result. It implies that we may have better result than 
Theorem 1.1 in codimension one case. 
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Theorem 1.2. Let F : M ^ ^ complete m—submanifold which has bounded 

curvature. Suppose that the image under the Gauss map from M into Gm,n li^s in 
a geodesic ball of radius Rq < ^tt. Then the evolution eguation of mean curvature 
flow has long time smooth solution. 

Remark 1.3. Compare the above theorem with our Bernstein type result in [18], 
better results would be expected. It suffices to improve curvature estimates in ^3.2. 

Remark 1.4. From Theorem 3.1 and the proof of Theorem 1.2 we see that when 
the image under the Gauss map from M into Gm,n lies in a geodesic ball of radius 
Rq < ^TT. The eguation of the mean curvature is uniformly parabolic and has smooth 
solution on some short time interval. 

We use the same idea to prove Theorem 1.1 and Theorem 1.2. Consider the image 
of the Gauss map under the mean curvature flow. If an initial submanifold has 
convex Gauss image, then deforming submanifolds under the mean curvature flow 
have the ’’conhnable property” (Theorem 2.3 and Theorem 3.1). This is an adequate 
higher codimensional generalization of the ’’linear growth preserving property” in 
[11]. In the case of the ambient Euclidean space we have more technical issues, 
because of the nonnegative curvature of the target manifold of the Gauss map. 

We also study the asymptotic behavior of these solutions when t —> cx), namely we 
study the rescaled mean curvature flow in both cases in §2.5 and §3.3, respectively. 
The corresponding results as in [11] can be obtained similarly. 


2. Space-like Submanifolds 


Let R™^"' be an {m -|- n)-dimensional pseudo-Euclidean space with the index n. 
The indehnite metric is dehned by 


d.s^ 


m m-\-n 

i=l a=m+l 


Let F : M ^ be a space-like m-submanifold in with the second 

fundamental form B dehned by 

for X,V G r(TM). We denote (■ ■ ■ )^ (■ ■ ■ )^ ^he orthogonal projections into 

the tangent bundle TM and the normal bundle NM, respectively. Eor u G r(iVM) 
we dehne the shape operator A'^ :TM ^ TM hj 
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Taking the trace of B gives the mean curvature vector of M in and 

i/ =^-trace(R) = 

where {e*} is a local ortho normal frame field of M. Here and in the sequel we use the 
summation convention. The mean curvature vector is a cross-section of the normal 
bundle. 

Choose a local Lorentzian frame field {cj, e^} along M with dual frame field 
{ui,(jJa}, such that e* are tangent vectors to M. We agree with the following range 
of indices 

A, B, C, ■ ■ ■ = 1, ■ ■ ■ ,m + ri] 

i, j, k ■ ■ ■ = 1, ■ ■ ■ , m; s, f = 1, ■ ■ ■ , n; a, P, ■ ■ ■ = m + 1, ■ ■ ■ ,m + n. 

The induced Riemannian metric of M is given by ds\j = Yhi the induced 

structure equations of M are 

dtUi = uJij A 00j, oOij "b 00ji = 0, 

diOij OOi]^ A OOj^j OOia A OOc^j , 

diOij OJil^ A LOkj A LOi. 

By Cartan’s lemma we have 

OOai ho^ijUJj . 


2.1. Bochner Type Formula. We now derive the following Bochner type formula. 

Proposition 2.1. 

_ (V^R)xy = VvVyR -h {Bxei,H) Byei - {BxY, BeiCj) BeiSj 

+ 2 {Bxsj, Bvei) BeiSj “ {Byei, B^.e-) Bxej “ {Bxei, Bsiej) Byey 

(2.2) A|R|2 = 2|VR|2+2 (V.V.R, 5^)+2 (Rj, hf) (Rfc, 5,-^)+2|R^|2-2 

a,13 

where denotes the curvature of the normal bundle and Safs = haijhpij. 

Proof. Choose a local orthonormal tangent frame held {e*} of M near x G M. Let 
be tangent vector helds and p, u normal vector helds to M near x with 

V e j I a; ^ Si X \x VejF|x ■■■ ^ Si l^lx ^ ei^\x 0. 

VxTU = VvTU - VxTU = (VxT)^ = Bxy, 


Thus, 
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Vx/^U — Vx^U ~ Vx/^U — (Vx/j)^ — —A^{X), 

VxxU = VxVyla; — Vv^rU = VxVyla:- 

By the Codazzi equations we have at x 

{V^B)xY = (Ve,Ve,5)xy 

= Ve,(Ve,B)xy - (Ve,i?)veWy - (yeiB)xS7,^Y 
= Vei(Vx5)eiy 

(2.3) = (yx'^eiB)eiY + {RxeiB)eiY 

= Vx(Veii?)eiy + {RxeiB)eiY 
= y X^yH + {RxeiB)eiY 


Noting the Gauss equations and the Ricci equations 

{RxyZ, W) + {QlyZ,W) = 0, 


where 


Hence, 


{RxYfJ^, y) + {QxYf^: = 0 , 
{QlyZ,W) = {Bxw,BYz) — {Bx Z, Byw) , 

{QxY^^, Z/> = {Bxei,y) {BYei,fi) “ (^Xe^h) (^Vei, y) ■ 


{RxeiB)eiY - -QxeiBciY + BqT^ ^.y 




Substituting the above equality into (2.3) gives 


(2.4) 

(V2 R)xy 

— VxVyi^f + Ho + -So + Go, 

where 

qT 

1 

o 
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Now we calculate Aq, Bq and Cq in (2.4). 

{Ao,fi) = - (QxeiBeiY,l^) 

= (-Bxej )-Syei) ~ {^Byeii i^B Gj 5 f^) , 

= {BxAi^{Y), H) — {Bxsi, Be.Ai^(Y)) 

= {Bxei,H) {BYe^,^J) - {Bxei,Be^ej) {BYej,fJ^) , 

(C„.,,) = = (xl»‘(e,),Q5,T> 

= {Beie^,fJ^){Qxey,ej) 

— (Beiej^ {Bxej: By ~ (Beiej^ (BxY i . 

Hence, 

(2.5) {Aq + Bq + Cq,^) 

= {Bxsi, H) {Byei^^j) - {BxY, -^eiej ) (-Beie,-, /i) 

+ 2 {Bxejt Byei) (^Bf,^ej: Z^) ~ {By eit Beiej') {Bxcji Z^) ~ (-B Xg-i 5 ^GiGj ) ■ 

Substituting (2.5) into (2.4) gives (3.1). 

Denote 


^atj ’) 


Bij = He,e. = (Ve,ej) = 

where {ca} is a local ortho normal frame field of the normal bundle near x G M. It 
follows that 








We denote the absolute value of |i?p by ||i?|p, which is nonnegative. The same 
notation for other time-like quantities. Then ||i?|p = Saa- It is easy to see that 


( 2 . 6 ) 


a /3 a 


1 

n 


B 


4 


Noting 


{Bkij Bij'^ (^BijjBjgi'^ ( hctkihaij^i^ hfjijhfji^i^ 
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1-^ I 

= (^Qeiej^a^QeiCj^a^ 

{-^z/c5 Qij^a'^ (-^7^5 ^a) (^Bjj^^ Qj^jUfy^ 

{Bjki ^a) B^k) {Bjl^ ^a) {B{i^ ^a) {Bjl', B^k')') 

{Bik^ ^a) (^{Bii^ Bjk') {Bjlf l^a) {Bn^ ^a) {Bji^ BjkY) 

= 2 {Bii, Bjk) {Bji^ Bik) — 2 {Bii^ Bik) {Bjk^ Bji ), 


we have 


V^B, B) = {V.V.H, B,j) + {B,k, H) {Ba, B^i) + \R^\^ - 


2 

0/9 • 


a,l3 


It gives (2.2). 


□ 


2.2. Evolution Equations. We now consider the deformation of a submanifold 
under the mean curvature flow (abbreviated by MCF). Namely, consider a one- 
parameter family = F{-,t) of immersions : M ^ with corresponding 

images = Ft{M) such that 

F(x, 0) = F{x) 

is satished, where H{x,t) is the mean curvature vector of Mt at F{x,t). Denote 
ei{t) = F^Ci which is abbreviated to Cj if there is no ambiguity. 


( 2 . 8 ) 


It follows that 
(2.9) 


dgij _ 2 / 
dt \ dt 

= 2 = 2 (Ve.R, F,e,) 

= 2 (Ve, (R,F,e,)-(R,WF,e,» 

= - 2 {H,B,^). 


d^ 

dt 


2^V {H,Bki) 
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and 

( 2 . 10 ) 




where g = det( 5 'jj). For a space-like submanifold the mean curvature vector field is 
a normal vector field. It is time-like vector held. 

(2.10) shows that if the initial submanifold is space-like, then it will remains 
space-like for any t under the mean curvature how. 

Lemma 2.1. The second fundamental form and the mean curvature satisfy 


( 2 . 11 ) 

( 2 . 12 ) 


f-A 

dt 

dt 


\B\\^<—\\B\\\ 

n 




Proof. For hxed Xo G M, and to choose orthonormal frame held {e*} of Mt^ near xq 
which is normal at xo, and orthonormal normal held {cq,}. Then we evaluate at xq 
and to in the following calculation. 

%l = -V^(We,.e„> 

h'^ ei^ji ^ ei^j H ^ 

= - (Ve, Ve,.//, - {Bij, Vnea) 

= - (Ve, (Ve,il)^) , 6 ,) - V^e,) 

ef^ej B Cq,'^ (^B^if ^ V e^. FT, 6^^ , i,Bij , V H^a ') 

= — (Vei VejiF, Cq.) -T {Bik,ea) {Bjk, H) — {Bij.,V H^a) 

ef^Bj FF, -|- haikhpjkHy hfSij {^ H^a: ^0^ ■ 

Since in a non-orthonormal frame held gij = {F^ei.F^ef) is not a unit matrix 
(except at (xo,to)), 

\B\^ = -g^^gTh^^^h^kl. 

We have at (xq, to) 


d\B\ 

dt 


dg 


ik 


dt 


'9^ haijhakl I t 9 ho^ijh, 


(2.14) 


dt 

d h • • 

-99 — r—haki -9 9 h. 


= -2 


dt 

dg'^^ 


aij 


aij ‘^akl 

d hakl 

dt 


dt 


hoiij hakj 


2 ^^/i, 

dt 


at] ■ 
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From (2.13) we have 


d T 


(2.15) 


haij ho^ij ^ ei^ej H^ €(y^ “h haikhffjkHi^ ^pij 

haij CjH•} haijhaikh^jkH^ 

haij hjjij HGa, ep) 
haij ej^ejH 1 Caj ~\~ haijhaikhfjjkHfj- 


The third term of the second equality vanishes, because of the symmetric and anti¬ 
symmetric properties in a and (3 simultaneously. Noting (2.9), we have 


(2.16) 


'haijhakj 2 haijhakj {H, B^k) 2 haijhakjhfjikHjj 


Substituting (2.15) and (2.16) into (2.14)gives 


(2.17) 


ld|S| 
2 dt 


= {ViVjH, Bij) + {Bij, H) {Bik, Bjk) 


From (2.2) and (2.17) we obtain the evolution equation for the norm of the second 
fundamental form 


(2.18) 


1 / d 


-(--a)\b\^ = -\vb\^-\r^\^ + J2sI 


From (2.6) and (2.18) it follows that 


(2.19) 


At (xo,to) 


2 \dt 


U^-a]\\B\\^ = -\\VB\ 


n 




\H\^ = {g'^haijea^g^'^hukietj) = -g"^ g’^^haijhaki- 


_ _ r) hg kl L U _ O gij gkl h hqjj . 

^ 1,9 9^aij 9^akl ^9 9 i , ^akl 
at dt 


Noting (2.9) and (2.13) 


= -2'^haijHa - 2g^^^^Ha 
dt ^ ^dt 


= 2haijhfSijHaHp -f 2 (V^FT, H) 


= 2SapHaHfj + A\H\^-2\Ve,H\ 



MEAN CURVATURE FLOW WITH CONVEX GAUSS IMAGE 


11 


It follows that 




By using the Cauchy inequality 


-2\VH\^ + 2S^^H^Hp. 


we obtain 


( 2 . 20 ) 



Y.Hi< 

a 


1 

2 \dt 





n 


□ 


2.3. Maximum Principle and Curvature Estimates. For a complete space¬ 
like submanifold M G with bounded curvature, the Gauss equation implies 

its Ricci curvature is bounded from below. We can use the well-known Omori-Yau 
maximum principle: 

Let u be a C^—function hounded from above on a complete manifold M with Ricci 
curvature hounded from below. Then for any e > 0, there exists a sequence of points 
{xk\ G M, such that 

lim u{xk) = sup -u, 

fc—>oo 

and when k is sufficiently large 

\Vu\{xk) < e, 

Au{xk) < s. 

Remark 2.1. When the Ricci curvature of M is bounded below by — Clog(l -|- 
log^(r -l- 2)), where r is the distance function from a fixed point xq G M, then the 
maximum principle ia also applicable (see [6]j. 

Now, we can use Omori-Yau maximum principle to do curvature estimate. 

Theorem 2.1. If Mt is a smooth solution of (2.7) in [0,T). If Mq has bounded 
curvature, then there is estimate 

sup ||R||^ < sup ||R||^ 

Mt Mo 


forte [ 0 ,T). 
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Proof. Let to ^ [0)^) be any time such that ||-B|P is bounded. Let Xk{to) be 

a sequence of points on Mt^ such that when k ^ oo 

\\B\\‘^{xk{to)) —^ sup ||i3||^ > 0 

Mo 


and when k is sufficiently large 

|V||S|H(a;fc(to)) < £, 

A\\B\\‘^{xk{to)) < e 


for any e > 0. When k is large enough from (2.11) 


d\\B\ 


dt 


< {A\\B\\^ - JB\\^) 

Xk(to) 


< 0 , 


Xhito) 


which is valid on [/ x [to, to + <5) as well, where U is an open neighborhood of Xk(to) 
in Mtg. For ti is sufficiently close to to, there exists Xkiti) E U x [to,to + S), such 
that Xk{ti) is evolved from some point y on Mt^. Therefore, 

||S|p(xfc(ti)) < \\B\\‘^{y) < sup ||S|p. 

Mt^ 


Let k oo, we have the desired estimate in [to, to + 5'), hence in [0, T). □ 


2.4. Gauss Maps under the Evolution. For any p E M let {ci, • • • , 6 ^} be a 
local orthonormal frame held near p. Dehne the Gauss map 7 : p —^ 7 (p) which is 
obtained by parallel translation of TpM to the origin in the ambient space 
The image of the Gauss map lies in a pseudo-Grassmannian the totality of 

all the space-like m-planes in It is a specihc Gartan-Hadamard manifold. 

For any P E there are m vectors Ui, • • ■ ,Vm spanning P. Then we have 

Plucker coordinates A ■ ■ ■ A for P up to a constants. The Gauss map 7 can 
be described by p — > Ci A ■ ■ ■ A e^- Since 

d{ei A ■ ■ ■ A Cm) = dei A ■ ■ ■ A + ■ ■ ■ + Ci A ■ ■ ■ A dom 

^al^a A C 2 A * * * A Cjyi -|- * * * -j- 6]^ A * * * A A 

and the canonical metric on G))^^ is dehned by 

a,i 

where Cai = Ci A ■ ■ ■ A Cj-i A Cq, A Cj+i A ■ ■ ■ A are orthonomal basis for TG^ It 
follows that 


7 ^ai haijOJj 
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which means that the relation 


e(7) = 211^11'- 


The tension held of the Gauss map 


( 2 . 21 ) 


^( t ) hoiijjGai ho^jjiCcti 

hoijjiC\ A * * * A Ci—i A 6q( a a * * * a c^yi 
= ^ ei A ■ ■ ■ A ei_i A A e^+i A ■ ■ ■ A e^, 


where we use the Codazzi equation. 

Now, we compute the evolution of the Gauss map under the mean curvature how. 
From 


7(f) = — ei(f) A--- Aem{t) 

V9 


and (2.10), we have 


( 2 . 22 ) 


d 7 

dt 


g dt 


(ei(f) A • ■ ■ A emit)) 


+ 1 (l^A...AUt) + --e.(l)A...Ah;dh 

\ dt dt 




(ei(f) A ■ ■ ■ A emit)) 


1 2= 


H —— eiH A ■ ■ ■ A emit) + ■ ■ ■ + ei(f) A ■ ■ ■ A Ve^hf) 

v9 


\H\^ 


(ei(f) A ■ ■ ■ A emit)) 


1 


+ — ejit)) ekit)g^’^ A e2(f) A ■ ■ ■ A em(f) H- 

v9 

+ ^ei(f) A ■ ■ ■ A ejit)) ekit)g^^ 

yd 

H — {SJe^H A ■ ■ ■ A emit) + ■ • ■ + ei(f) A ■ ■ ■ A Ve„,Ff) 

Vd 
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Since 

(2.23) 

ej{t)) ek{t)g^'' A e 2 {t) A ■ ■ ■ A em{t) H-ei(t) A ■ ■ ■ A {Ve^H, ej{t)) ek{t)g^'' 

= - {{H,VeMt)) 9^^ + g^^) ei(t) A ■ ■ ■ A e™(t) 

= -|i/p (ei(t) A ■ ■ ■ A emit)) , 
we have 

(2.24) ^ ^ i'^e.H A • • • A emit) + ■ ■ ■ + ei(t) A ■ ■ ■ A Ve^H) . 

dt ytg 

We may assume {ei(to), • • • ,em(^o)} form an orthonormal basis of F(M) at ip, to). 
Then, from (2.21) and (2.24) we obtain the following equation which is the Lorentzian 
version of a result in [29]. 

Theorem 2.2. 

(2.25) tfi = r(7(«)). 


2.5. Proof of the First Main Theorem. We study the Gauss image under the 
flow. The relevant Bernstein type theorem inspires us to consider the bounded Gauss 
image of the initial submanifold. In fact, any geodesic ball in any Gartan-Hadamard 
manifold is convex. Precisely, we have the following ’’confinable property” of the 
Gauss image under the mean curvature flow. 

Theorem 2.3. Let M be a complete space-like m—submanifold in with bounded 
curvature. If the image under Gauss map is contained in a bounded geodesic ball in 
then the images of all the submanifolds under the MCF are also contained in 
the same geodesic ball. 

Proof. Let h be any function on The composition function hoy of h with the 

Gauss map 7 dehnes a function on Mt = F(M, t). We have 

o 7) = d/i = d/i(r( 7 )). 

By the composition formula (see [32], p.28) 

A(h 07 )= Hess(/i)( 7 *ei, 7 *ei) + d/i(r( 7 )), 
where {cj} is a local orthonormal frame field on Mt. It follows that 

h O 7 = -Hess(h)( 7 *ei, 7 * 6 ^). 


(2.26) 


d 

dt 


-A 
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Noting ^ has non-positive sectional curvature, the standard Hessian comparison 
theorem implies 

1 

Hess(r) > -{g — df ® dr), 

where r is the distance function from a hxed point in g is the metric tensor 

on GJ^„. Choose h = and we have 

Hess(/i) > 2g. 


Hence, 


Hess(/i)( 7 *ei, 7 *ei) > 4 6 ( 7 ) = 2 ||H||^ 


On the other hand. 


(2.27) 


|V(/io 7)|2 = (V/i,7*ei) (V/i,7*ei) 

= (2rVr,7*ei) (2rVr,7*ei) 
< 8r^ 6(7) = 4 r^| |H| p. 


Therefore 

(2,28) (Jj-A)hoj<-2\\Bf< -V(ft0^)1^ 


First of all, by Theorem 2.1 we always have bounded curvature for the smooth 
solution of (2.7). Denote m = /i o 7 . Then, by (2.28) 

d 


dt 


— A M < 0 . 


Let Ukitf)) be a sequence of points on Mt^ such that when k ^ 00 

u 

and when k is sufficiently large 


u{xk{to)) supw > 0 

Mo 


for any e > 0. Dehne 


|VM|(xfc(to)) < 
AM(xfc(to)) < £ 


ui = {u — sup u) — 6(t — to) — S 

Mto 


for any h > 0 and when t = to 


ui < —6 < 0 . 


Thus, 


d Ui 


dt 


xkdo) 


du 

dt 


^ < 0- 


^kdo) 
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The the similar argument as that in the proof of Theorem 2.1 gives 

ui{xk{ti)) < ui{y) < -6 


for ti close to to, namely 


Let k ^ oo gives 


u{xk{ti)) < sup u. 

Mt, 


sup u < sup u. 

Mt^ MtQ 


□ 


Choose a Lorentzian base in with space-like {e*} and time-like 

{Sa}- For a space-like submanifold F : M ^ we assume 0 G M and dehne 

coordinate functions 

x* = {F, Si), = {F, £„). 

Denote 



such that |Fp = x^ — y‘^. It is non-negative. The function y is called the height 
function of M. The growth 

y < X 

is always satished for any space-like submanifold. 

Theorem 2.4. Let F : M ^ R™+"' be a space-like complete m—submanifold which 
has bounded curvature and bounded Gauss image. Then the mean curvature flow 
equation (2.7) has long time smooth solution. 

Proof. Let p ; R™+"' —R”^ be the natural projection defined by 
r,(F . . . T-™- — (F . . . 

I iL' ^ ^ ^ ^ ^ cL j I iL' ^ ^ cL j ^ 

which induces a map from M into R”^. It is a smooth map from a complete manifold 
to R”^. For any vector v = (n^, • ■ ■ , n™, • • ■ , tangent to M C R™"'""', we 

dehne 

{p^v, p*n)= {v, v) + > {v, v). 

a. 

This means that p increases the distance. It follows that p is a covering map, and 
a deffeomorphism, since R™ is simply connected. Hence, the induced Riemannian 
metric on M can be expressed as (R”^, with 

= gijdx"^ dxfl 
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In this chart, the identity map (R™, > (R”^, (Isq) is a distance increasing map, 

where ds^ is the Euclidean metric on R™. It follows that any eigenvalue of {gij) is 
not big than 1. 

Choose Pq as an m—plane spanned by £i A ■ ■ ■ A Em- At each point in M its image 
m—plane P under the Gauss map is spanned by 


and 


We then have 


(2.29) 


f^ = 


('is^m+s 


y/g=\fiA---Afm 


{P, Po) 



det 


)) 


Now, drawing a minimal geodesic C{r) between Pq and P parameterized by arc 
length r. By a result in [30], C{r) can be represented by P{r) which is spanned by 


where 


hi Ei Zis{T')Em+S‘i 

^tanh(Air) 0 


ZiAr] = 


0 


tanh(AmL) 


for Af = 1. Let 


Since 


hi = cosh(Air)/ii, ■ ■ ■ , hm = cosh(Amr)hm. 


\h^? 


(s'i “1“ Zigi^v'^Eyn+sj 2'j “1“ Ziii^T'^E^^f) 


1 — tanh^(Air) 


1 

cosh^(Air) ’ 


the vectors hi, - ■ ■ ,hm are orthonormal. Therefore, we can compute the inner prod¬ 
uct {Pq, P) again by 


{Po,P) = det (^(^Ei,hj'j'^ = JJcosh(Air). 

i=l 
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If the distance r between Pq and P is bounded by a finite number i?, then combine 
the above formula and (2.29) yields 

m 

y/g > (JJcosh(Aii?))“h 

i=l 

Thus, we prove that any eigenvalue of the induced metric tensor of a complete space¬ 
like m—submanifold in with bounded Gauss image is uniformly bounded. 

Noting Theorem 2.3, we know that the equation (2.7) is uniformly parabolic and 
has a unique smooth solution on some short time interval. By the curvature estimate 
(see Theorem 2.1), we have uniform estimate on ||i?||. Then we can proceed as in 
[16] (Prop. 2.3) to estimate all derivatives of B in terms of their initial data 

sup||V'^R|| < C'(m), 

Mt 

where C{m) only depends on g, m and ||V-^R|| for 0 < j < g. It follows that 

this solution can be extended to all t > 0. □ 


It is easy to verihed that 



0 


and 


Omori-Yau maximum principle implies that if Mq has hnite curvature and hnite 
height function, then the height function of Mt is also hnite under the evolution. 


By (2.11) and (2.28) we have 

where h denotes the square of the distance function on the target manifold of 

the Gauss map. By using maximum principle again we have an estimate for t > 0 

sup||R||2 < -, 

Mt t 

where c is a constant depending on the bound of the Gauss image of the initial 
submanifold. 


If the height function is going to inhnity, we can consider rescaled mean curvature 
how as done by Ecker-Huisken [11]. Dehne 


m 


1 

VWTi 


m, 
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where 

i = log( 2 t + 1 ). 


Hence 



H -F. 


It is not hard to verify that the Gauss map 7 of the rescaled mean curvature flow is 
as same as the original 7 . Furthermore, the previous estimates translate to 


|H|2< {2t+l)\A\^ <C 


which is dependent on the initial bound on M. 

Choose a Lorentzian frame held near p G M along M in such that Ci & TM 

and Co E NM with = VeiGalp = 0. We have 

Lemma 2.2. 

{F, Co) = 2 (R, e„) - {F, e^) + (F, 


with antisymmetric Cap in a and f3, and 


(2.30) 

= 4 (H, ea) {F, ea) - 2 IV {C e«) ^ - 2 Sap (F, e,) (F, ep) 

^ ^ a a 


< c 



{F, Cq)^ + 1 


2 5^|V(F,e,)P 

OL 


Proof. Since at the point p 


Ve.yl^“(ei) = Ve- {Bij, ea) ej 

{ “ 1 “ Bii ), Ca ^ 

= Ca') Gj 

ej H•) 1 


(2.31) 
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A {F, e«) = eiCi {F, e«) 

= -e,(F,A^“(e,)) 

= -(e„A'^“(e,))-(F,Ve,A^“(e,)> 

(2.32) = - {H, e„) - {F, Ve,A^“(e,)) - {F, 5e,Ae.(e,)> 

= - {H, eo) - {WeiH, e„) (F, e^) - (F, (e^)) 

= - {H, e«) - {VeiH, e„) (F, e*) - (F, F^) (F^j, e„) 
= - {H, e„) - {VeiH, e„) (F, e^) + (F, e^) . 

On the other hand, 


d Ca 

dt 


, e* ) = - 


d Ci 

dt 


- (e„, Ve^F), 


d e 


a 


dt 


(Gq; Vgj F) Ci + Capep 


with anti-symmetric Cap in a, f3. It follows that 


(2.33) 


d 

dt 


(F, Ca) 


(F,e„) + ^F, ^ 

(F, Ca) - {Ca, VeiH) (F, 6*) + Cap (F, Cp) . 


Furthermore, we have 


A 

dt 


Y, ‘C 


(2.34) 


2 Y ft 

Q: 

2 (F, e„) (F, ea) - 2 (Ve.F, e,) (F, e,) (F, e„) 

Q: Q; 

+ 2 Cap (F, C/j) (F, Cq) 

2 (F, e„) (F, ea) - 2 (Ve.F, e,) (F, e,) (F, e„), 


and 

(2.35) 

A (F, = 2 IV (F, e,) p + 2 (F, e,) A (F, e„) 

= 2 IV (F, ea) P + 2 (F, e„) (- (F, e,) - (Ve,F, e,) (F, e,-) + Sap (F, e^)). 

Hence, 

(2.36) 

ea) (F, ea) - 2 IV (F, e«) 1^ - 2 (F, e«) (F, • 

Noting the estimates of \ \H\f , ||F|p and Sap, we obtain the desired estimate. □ 
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The subsequent estimates in [11] can be carried out in the same way to derive 

Theorem 2.5. Suppose that F : M ^ is a space-like complete m-submanifold 

with bounded curvature and bounded Gauss image. If in addition assume that 

5^(F,e„)'<C'(l + |F|2)i-^ 

Q; 

is valid on M for some constants C' < oo, S > 0, then the solution of the rescaled 
equation converges for i ^ oo to a limiting submanifold Moo satisfying the equation 

= H. 

3. Submanifolds in Euclidean space 

Let F : M ^ j^m+n m— submanifold in [m + n)—dimensional Euclidean 

space with the second fundamental form B which can be viewed as a cross-section 
of the vector bundle Hom(©^TM, A^M) over M, where TM and NM denote the 
tangent bundle and the normal bundle along M, respectively. A connection on 
Hom(©^TM, A^M) can be induced from those of TM and NM naturally. We in¬ 
vestigate the higher codimension n > 2 situation in this section. 

For u G r(A^M) the shape operator : TM ^ TM satishes 

{BxY,iy) = {A^{X),Y). 

The second fundamental form, curvature tensors of the submanifold, curvature 
tensor of the normal bundle and that of the ambient manifold satisfy the Gauss 
equations, the Codazzi equations and the Ricci equations. 

Taking the trace of B gives the mean curvature vector FT of M in a cross- 

section of the normal bundle. 

Choose a local orthonormal frame held {ej,eQ,} along M with dual frame held 
{uji,Ua}, such that e* are tangent vectors to M. The induced Riemannian metric of 
M is given by ds\j = ufl and the induced structure equations of M are 

duJi = (jJij A ujj, (jJij ojji = 0, 
diVij A iOkj T ^iQ A UJctj 1 

Itij duJij A UJf^j A (V/. 

By Cartan’s lemma we have 

UJ(oi hoijUJj . 
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3.1. Evolution Equation under the Mean Curvature Flow. As the same 
derivation as in the space-like m—submanifold in pseudo-Euclidean space, we have 
the following formula. 


Proposition 3.1. 

(V^S) xy = Vx'^yH + {Bxei,H) Byei — {BxY, BeiCj) BeiSj 

+ 2 {Bxsj, Byei) BeiSj — {Bysi, Bsiej) Bxej — {Bxsi, BeiSj) Byey 


(3.1) 


Denote 


Bij haijCoi^ 

where is a local orthonormal frame field of the normal bundle near x G M. Let 
Soli 3 h(yijhffij. Xhen |B| Sac^. 


Noting 

{Bkl') Bij^ Bj^i^ hoiklha.ijh0ijhj3kl ^ ^ 

a,13 

2 {Bil, Bjk) {Bki, Bij) — 2 {Bjk, Bki) {Bu, Bij) 

= 2 ^ ((, A "“-2 , A^^A'^^)) 

aj^/3 

we then have 

{V^B, B) = {V.V.H, B,j) + {B,k, H) {Bu, B^i) - |[A^“, A^/’jp - ^ Sl^ 

a,p 


The following expression follows immediately. 

Proposition 3.2. 

A|i?p = 2 |Vi3p -|- 2 (S7iS7jH, B^j) -\- 2 {B^j, H) {Bu^, Bj^) 
(3.2) - 2 ^|[A"tA"^]|2 


2 X] ^ip 


We now consider the MCF for a submanifold in R™'+". Namely, consider a one- 
parameter family = F{-,t) of immersions Ft : M ^ j^m+n corresponding 
images Mt = Ft{M) such that 

^F{x,t) = H{x,t), 

F{x, 0) = F{x) 


(3.3) 


X € M 
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is satisfied, where H{x, t) is the mean curvature vector of Mf at F{x, t) in We 

also have 

(3.4) ^ = “2 {H, B.,) 

(3.5) = 
and 

(3.6) ^ = 

where g = det( 5 'jj). We now derive the evolution equation for the squared norm of 
the second fundamental form. 


Lemma 3.1. The second fundamental form satisfies 


(3.7) 


|B|2< -2|V|B|P + 3|B|'‘ 


Remark 3.1. Compare (3.7) with (2.11), we see that now the curvature estimates 
is not directly as that in the last section. 


Proof. For hxed xq, to choose a local orthonormal frame {cj} of Mtg near xq which 
is normal at Xq. By the immersion Ft^ we have {ci} on M, which is not orthonormal 
in general. Then by Ft we obtain {Ft^et} which is denoted by {cj} for simplicity. 
We also choose a local orthonormal frame held {e^} of the normal bundle of Mt 
near xq. Then at (xo,to) 


(3.8) 


(Ve^ej, Ca') 

1 T H^ct) 

= (Ve,Ve^.hf,e„) + (Bij^Vnea) 

= (WsiH + (Vejhf) ^ 560-^ + (^Bij,'VH^a) 

EjH, Cq)) haikhpjkFh(S T hytj H^^a) ■ 


Since in a non-orthonormal frame held gtj = {F^Ci.F^ef) (except at to) is not a 
unit matrix, 

W = Kki. 

We have at (tq, to) 


(3.9) 


d\B 


dt 


2 dg'^^, 

= 2-^h. 


dt 


aij hakj 


+ 2^^h. 

dt 


aij ■ 
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From (3.8) we have 

, , d hfyj 

^ ^ dt 

Noting (3.5), we have 


-h(xij haij e-i^ej Hi ^ h^ijHp 


(3.11) 


haijhctkj haijhakj ‘I hctijhctkjhfjil^Hfj 


Substituting (3.10) and (3.11) into (3.9)gives 

From (3.2) and (3.12) we obtain the evolution equation for the squared norm of the 
second fundamental form 


= (ViVjhf, Bij) + {Bij, H) {Bik, Bjk) 


(3.13) 


1 / d 


- f - - A ) |i?r = -|Vi?r + |[A-, Sl^. 


We know from [23] in general 

J2\lA‘%A‘>]\^ + J2Sl^<(2-^) \B\‘. 

a//3 tt,/3 ^ ^ 

When the codimension n > 2 the above estimate was refined [20] [7] 


On the other hand, by the Schwartz inequality 

W\B\ < \WB\. 

Therefore, the inequality (3.7) is obtained. 


3.2. Main Estimates. For any p G M let {ci,-- - , Cm} be a local orthonormal 
frame held near p. Dehne the Gauss map 7 : p — 7 (p) which is obtained by parallel 
translation of TpM to the origin in the ambient space R™+"'. The image of the Gauss 
map lies in a Grassmannian Gm,n- It is a symmetric space of compact type. 

For any P G Gm,n, there are m vectors Ui, • • ■ ,Vm spanning P. Then we have 
Plucker coordinates A ■ ■ ■ A for F up to a constants. The Gauss map 7 can 
be described by p —ei A ■ ■ ■ A e^. Since 

d(ei A • • ■ A Cm) = dei A ■ ■ • A + • ■ ■ + Ci A • ■ ■ A dcm 

co^q-iCq. a 62 A • • * A CjYi T ''' "F A * • • A A 

— 
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and the canonical metric on Gm,n is defined by 


ds^ = J2 




Q:,2 


where = ei A • • • A e^-i A A e^+i A • • • A are orthonomal basis for TGm,n (see 
], pp. 188-194). It follows that 


A ho^ijUJj 

and the tension field of the Gauss map 

^(a) hc^ijjScx^i ho^jjiCcx^i 

hajjiC\ A * * * A 62—1 A Cq, a 62 - 1-1 A • • • A Cfyi 

— ^ ei A ■ ■ ■ A e,;_i A Ve,// A e^+i A ■ ■ ■ A 


(3.14) 


where we use the Codazzi equation. In [29], there is the following relation. 

Proposition 3.3. 

(3.15) 


^ = r(7(l)). 


We consider the mean curvature flow of a complete manifold. We will assume that 
integration by parts is permitted and all integrals are finite for the submanifolds and 
functions we will consider in the sequel. We have the following maximum principle 
for parabolic equations on complete manifolds. 


Define the backward heat kernel p = p{x, t) by 


p{x,t) = 


{4n{to - 1))2 


exp 




to > t, x G R 


m+n 


4(^0 - 0 . 

We have the following formula. It is derived in the mean curvature flow in Euclidean 
space. Since (3.6), the formula is unchanged in higher codimension. 

Proposition 3.4. (Huisken [16] j For a function f{x,t) on M we have 


(3.16) 


d_ 

dt 


fpdpt = 


'M 


' M 


d_ 

dt“ 


f -Af] pdpt - fp 


'M 


H + 




2 (to - 1) 


dpt 5 


where dpt is the volume form of Mt. 


Corollary 3.1. (Ecker and Fluisken [11] j Suppose the function f = f{x,t) satisfies 
the inequality 

|^-A)/<(a.V/) 
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for some vector field a with uniformly bounded norm on M x [0, tfi for some ti > 0, 
then 

sup / < sup / 

Mt Mo 

for all t G [0, ti]. 

Now, we consider the convex Gauss image situation which is preserved under the 
flow, as shown in the following theorem. 

Theorem 3.1. ( conflnable property) If the Gauss image of the initial submani¬ 
fold M is contained in a geodesic ball of the radius po < Gm,n, then the 

Gauss images of all the submanifolds under the MGF are also contained in the same 
geodesic ball. 

Proof. We consider a smooth bounded function on Gm,n 

h = 1 s — cos(v^p), 

where p is the distance function from a point in Gm,n, £ > 0 is a fixed constant. 
When p < ^TT, h is convex. By the Hessian comparison theorem we have 

Hess(/i) > 2 cos(v^p) g, 

where g is the metric tensor on Gm,n- Hence, 

Hess(h)(7*ei,7*ej) > 2 cos(a/2p) 

The composition function ho j of h with the Gauss map 7 defines a function on 
Mt = F{M,t). We have 

fi(ko-,) = dh(F^=dh(r(,W. 

By the composition formula (see [32], p.28) 

A{h 07 )= Hess(/i)( 7 *e*, 7 *ei) + dh{T{'j)), 
where {cj} is a local orthonormal frame held on Mt. 

It follows that 

— h o 7 < —2 cos(v/ 2 p o 7) \B\‘^. 


(3.17) 


dt 


Thus, we can use Gorollary 3.1 to get conclusion. 


□ 
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For simplicity /i o 7 is denoted by hi in the sequel. On the other hand, 


(3.18) 


V/tip ^ I (V/i, 7 ,ei) {Vh,-y,ei) | 
< 2 sin^ 


From (3.17) and (3.18) we have 

(3.19) (^-a) hi < -cos(V2po7) |V/ii|^ 

\dt ) 2 sim(v 2 po 7 ) 


For any q > 0, 


(3.20) 


(^-a) h\ = qh\ hi - q{q-l)h\ ^|V/iip 

< —qh‘^i~^ cos(v^po 7 )|i?|^ 


-1 g(<, - i)hr‘+ gftr* 11vA.p 

2siw(v2po7) 


From (3.7) and(3.20), we have 


(3.21) 

Tt - [rt - + '*■ (li - ^) 1^1^ - 2 vi^r ■ VI.? 

< (—gcos(v^p 07 ) + 3/ii)|i?|"^/ii~^ 

2siw(v2po7) 

- 2h\\V\B\\^ - 2V\B\^ -Vhl 

= [3(1 + e) - (3 + O') cos(a/2p o 7)]/i^“^|i?|"^ 


cos{V2po-f) 

q{q - 1 ) + q --hi 

2 sm (v 2 p o 7 ) 

-2h?|V|5|p-2V|Sp. Vh?. 


hr^ii^nvhip 
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By using the Young inequality we have 

-2V|B|2 . Vh\ = -(VVh?) ■ V{\B\^hl) + \B\^h-'^\Vhl\^ 
-V\B\^-Vhl 

< -qih^Wh) ■ Vi\B\^hl) + q^\B\‘^hl-^\Vh\^ 

+^q^h'i-^\B\^\Vhi\^ + 2h'i\V\B\\^ 

< -g(hrVhi) ■ v(|5|2hf)+ 

+ ^q^hl-W\^h\^ + 2hlMB\\^. 

Thus, (3.21) becomes 


(3.23) 


^ {\B\‘^hl) < [3(1 + e) - (3 + g) cos{\/2p o -f)]\B\^h\ ^ 

cos(v/ 2 p o 7 ) 


1 

7/ + 1 


2 sin^(v^p o 7 ) 


hi qh\-^\B\^\Vh^\ 


g(hr'Vhi)-V(|5|^h?). 


We now give the following result. 

Theorem 3.2. Let M be a complete m—submanifold in with bounded cur¬ 

vature. Suppose that the image under the Gauss map from M into Gm,n hes in a 
geodesic ball of radius Rq < ^tt. If Mt is a smooth solution of (3.3), then there is 
the following estimate 

(3.24) sup \B(^h\ < sup \B(^h\, 

Mt Mo 

where q is a fixed constant depending on Rq. 


Proof. Let ro = cos(v^i?o)- Then ro > ^. It follows that 

— - WYt < I- 

2r„ 2(1 - 4) 

It is possible to choose e > 0 satisfying 


(3.25) 

Set 


_ ro \ 3 1 rp 

V2ro 2(l-r2)y'^+2ro 2 2(1 + Tq) " 
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Then for r = cos(v^p ° 7 ) > Lq, 


3(1 + s) — (3 + (i)t — 3(1 + — 3(1 + e) — < 0, 

ro 


which implies the first term of the right hand side of (3.23) is non-positive. Note 

■(1 + £ - r) 


5 ^ 


(3.26) 


1 + £ 


-1 Ti¬ 


ro y 2(1 — r^) 
3 r \ 3 1 

^ “ 2(1 -r2)y ^ “ 


(1 -t- £ - r) 


2 2(1+r)’ 

which is non-increasing in r. Since (3.25), (3.26) is non-positive when r > tq. It 
follows that under the conditions of the theorem, (3.23) becomes 

d 


(3.27) 


dt 


- A {\B\^hl) < -g(/ir Vhi) ■ V{\B\^h\). 


From (3.18) we have 


Ihy^Vhil < 


Let 


■\/2sin(v^p o 7) 

1 -1- £ — cos(v/2p o 7) 

m = 


\B\ 


Since /"( 6 ')|//( 0 )=o < 0, 

/(0)<mip(.)=o = 

(3.28) 


It follows that 


IK^Vhil < 


sin 

e 

1 + £ - 

■ cos 6 

\l^ (i+d^ 

1 + £ - 

1 

l+£ 


(l+£) 

|2-1 


£ + 2) 


£(£ + 2 ) 


B\ 


□ 


£(£ + 2) 

Thus, we can use Corollary 3.1 and the estimate (3.24) has been obtained. 

Corollary 3.2. Suppose that the image under the Gauss map from M into Gm,n 
lies in a geodesic ball of radius Rq < ^tt. If Mt is a smooth solution of (3.3), then 
there is the following estimate 


(3.29) 


sup|i?p<-. 


Mt 


t 
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where c is depends only on the bound of the Gauss image of its initial manifold. 
Proof. From (3.17) 

- a) a; = - a) ft, - «(9 - l)Ar"|Vft,P 

< —2qh\~^ cos(v^p o 7 )|i?|^ — q{q — l)hf~'^\Vhif‘. 

It follows that 

(3 30) ^ - -9('>r'Vfti). V((|B7,?) 

+ \B\^h\ - 2qh\-^ cos(y2p o -^)\B\^ - q^h\-^\Vhff + qh\-^\Vhff. 

Since 

q{hf^Vhi) ■ Vhf = q^hf-^jVhij^, 

(3.30) becomes 

{t\B\^h\ + h\) < -q{hf^Vhi) ■ V{t\B\^h\ + h\) 

+ \B\^h\ — 2qh\~^ cos,{V2p o 'y)\B\^ + qh\~‘^\Vhi\^ . 
Noting (3.18), the above inequality becomes 

(3.31) 

{tWhl + h\) < -q{hf^Vh^) ■ V{t\B\^h\ + h\) 

+ \B\^ hf~‘^{h\ — 2qhi cos{V2p o 7) + 2g sin^ {\^po^)). 

Let 

(3.32) 

A{r) = {hi — 2qhi cos(a/ 2 p ° t) + 2qsin^{V2p o 7)) 

= (1 + £ — r)^ — 2g(l + £ — r)r + 2g(l — r^) = (1 + £ — r)^ — 2g(r + £r — 1), 

where r = cos(v^p o 7). Since A'(r) < 0 and g = 3 — 1 j, then for r > ro 

A < (1 + £ - roY - 2g(ro + £ro - 1) = (1 + £ - ro)(— - ro - 5 - 5£). 

ro 

We know that £ is chosen by (3.25). If necessary we choose £ larger such that A < 0. 
Therefore, from (3.31) we have 

(- 

\dt 


A {t\B\^hl + hi) < -q{hf^Vhi) ■ V{t\B\^hl + hi) 
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and by Corollary 3.1 again we have the desired estimate 


□ 


3.3. Proof of the Second Main Theorem. We are now in a position to prove 
the following theorem. 

Theorem 3.3. Let F : M ^ ^ complete m—submanifold which has 

bounded curvature. Suppose that the image under the Gauss map from M into Gm,n 
lies in a geodesic ball of radius Rq < ^vr. Then the mean curvature flow eguation 
(3.3) has long time smooth solution. 


Proof. Let Pq G Gm,n be a fixed point which is described by 

Pq = El A ■ ■ ■ A Em, 

where ,Em are orthonormal vectors in Choose complementary or¬ 
thonormal vectors , ^m+n, SUch that {Si, • • ■ , Em, Em+l, ' ' ' , ^m+n} IS an 

orhtonormal base in 

Let p : > R”^ be the natural projection defined by 

r,(P . . . 'T™- — (F . . . 

I iL' ^ ^ ^ ^ ^ tL* j I iL' ^ ^ cL j ^ 

which induces a map from M to R”^. It is a smooth map from a complete manifold 
to R”^. 

For any point x G M choose a local orhtonormal tangent frame field {ci, • • • , 6^} 
near x. Let v = ViCi gTM. Its projection 

P^V {ViCi.^ Eflj Ej Vi {c-i.^ Efl Ej. 


Now, we consider the case of the image under the Gauss map 7 containing in a 
geodesic ball of radius Rq < and centered at Pq. For any P G 7(M), 


de f 

w =■ (P, Fo) = (ei A ■ • ■ A Cm, £1 A • • • A Em) = det IF, 
where IF = {{ei,Ej)). The Jordan angles between P and Pq are 

9i = cos~\Xi), 

where X) are eigenvalues of the symmetric matrix IF^IF. It is well known that 

IF^IF = O^AO, 

where O is an orthogonal matrix and 


A 




0 
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where each 0 < < 1. We know that 

w = cos6*j. 

On the other hand, the distance between Pq and P (see [33], pp. 188-194) 


d{Po,p) = ^jY,n 

which is less than ^tt by the assumption. It follows that 




W > Wq = I COS 


We now compare the length of any tangent vector v to M with its projection p^,v. 


{e„e,)f = {WVfWV, 

i=i 

where V = {v^, - ■ ■ , Hence, 

(3.33) \p*v\'^ > > w^lvl"^ > wl\v\‘^, 

where X' = minj{Aj}. The induced metric ds"^ on M from is complete, so is 

the homothetic metric = w^ds^. (3.33) implies 

p : {M,ds‘^) (R™, canonical metric) 


increases the distance. It follows that p is a covering map from a complete manifold 
into R”^ , and a deffeomorphism, since R™ is simply connected. Hence, the induced 
Riemannian metric on M can be expressed as (R™, ds^) with 

ds^ = Qijdx^ dxX 

Furthermore, the immersion F : M ^ j^m+n jg realized by a graph {x,f{x)) with 
/ : R”^ —> R"" and 

A.. . 

dx^ dx^ 

It follows that any eigenvalue of {pij) is not less than 1. 


At each point in M its image m-plane P under the Gauss map is spanned by 

or 


fi — e.i + 


dx^ 


It follows that 


l/i A ■ ■ ■ A 



dfa Qfa 

dx^ dx^ 


^ = |/i A ■ ■ ■ A 


and 
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The m-plane P is also spanned by 

Pi = 


furthermore, 
We then have 


and 


|pi A ■ ■ ■ Ap^l = 1. 


det({ei,pj)) 

/ g 2m 

0 ^ 

V 0 

g-^ J 

o 

A 


^ 1 
V9< — 

Wo 



Thus, we prove that any eigenvalue of (gij) < Noting Theorem 3.1, we know 
that the equation (3.3) is uniformly parabolic and has a unique smooth solution on 
some short time interval. By the curvature estimate (see Theorem 3.1 and Theorem 
3.2), we have uniform estimate on \B\. Then we can proceed as in [16] (Prop. 2.3) 
to estimate all derivatives of B in terms of their initial data 

sup IV^i?| < C{m), 

Mt 

where C{m) only depends on q,m and sup^y^^, for 0 < j < q. It follows that 

this solution can be extended to all t > 0. □ 


We assume 0 G M and dehne coordinate functions 

T* = {F, Si) , = (F, £„) . 

Denote 


X = 


^ ^(x^^ y = 


\ 


m+n 


E 


OL=m+l 


It is easy to verihed that 


— - A h/“ = 0 
dt 


d 

dt 


- A )|/2 = -2 5 ^| V ?/“ P < o . 


and 
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Corollary 3.1 implies that if the height function of Mq is hnite, then the height 
function of Mf is also hnite under the evolution. 


If the height function is going to inhnity, we can consider rescaled mean curvature 
how as done in [11]. Dehne 

m = 


where 

Hence 


V2t + l 

t = log(2t + 1). 


Jr 


F = H -F. 


It is not hard to verify that the Gauss map 7 of the rescaled mean curvature how is 
as same as the original 7. Furthermore, the previous estimates (3.29) translate to 

|H|2 < (2f + l)|H|2 < C 

which is dependent on the initial bonnd on M. 


We can carried ont in the same way as in [11] to derive 

Theorem 3.4. Let F : M ^ j^m+n complete m-submanifold with bounded 
curvature. Suppose that the image under the Gauss map from M into Gm,n H^s in 
a geodesic ball of radius Rq < ^vr. If in addition assume that 

5^(F,e«)'<C'(l + |F|2)i-^ 

Q: 

is valid on M for some constants C' < 00 , S > 0, then the solution Mi of the rescaled 
eguation converges for t ^ 00 to a limiting submanifold Moo satisfying the eguation 

F^ = H. 
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